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A computer simulation method for gel filtration chromatography (GFC), based on plate theory and mass
action law, is developed for rapidly self-associating systems and compared with asymptotic theory. For oval-
bumin, a non-associable protein, whose elution volume increases linearly with increasing concentration, the
leading boundary is predicted to be broader than the trailing. Computer simulations are used to estimate the
aggregation numbers and the equilibrium constants for dimerization of carbonylhemoglobin and hexameriza-
tion of a-chymotrypsin. The concentration, Cmin, at the plateau region of the trailing boundary is shown to be
close to cmc by asymptotic theory. The present computer simulation and derivative GFC patterns serve to
estimate monomer concentration and micellar size of surfactants from analysis of GFC data.

Gel filtration chromatography (GFC) is routinely
used for separation of materials different in size and for
estimation of the molecular weights of proteins and
synthetic polymers. GFC patterns for self-associating
or complex forming systems are often complicated and
troublesome for the above purposes. An appropriate
analysis of these systems, however, may provide useful
information on molecular association. The dissocia-
tion of the hemoglobin subunits is an instance for
such applications.? Since the assumption of a sharp
(no broadening) boundary simplifies the analysis of
complicated patterns for chemically reacting systems,
this assumption (hereafter called asymptotic theory)
has been used for analyses of GFC, sedimentation
velocity,? and electrophoretic data. These analyses
have established the stoichiometry of the reactions by
using mass action law.!™® Furthermore, these trans-
port properties are often represented as derivative
patterns. These patterns have been analyzed by the
asymptotic theory.2=4

The GFC method has also been used to investigate
the aggregation properties of surfactants,® such as the
aggregation number,” monomer concentration,”.8
micellar size,®~19 and mixed micelle formation.!112
However, since the aggregation number of surfactants
is usually much larger than that of proteins, GFC elu-
tion curves of the surfactants have been analyzed on
the basis of phase separation model intuitively,® by the
asymptotic theory,” or by plate theory.1213 As aresult,
different analyses have been done for surfactants and
proteins. For micellization of surfactants, mass action
model is superior to the phase separation model; e.g.,
it is suggested by GFC that monomer concentration of
a surfactant increases with increasing surfactant con-
centration above the critical micelle concentration
(cmc).””® Therefore the above-mentioned results for
surfactants®~1¥ should be analyzed in terms of the mass
action model by reference with those of proteins.
Furthermore, derivative GFC profiles often provide
more detailed information than original profiles. No
derivative GFC pattern except ours has been reported
for surfactants.!9

The major advantage of the asymptotic theory is
that analytical solutions of the characteristic constants
of self-associating systems are obtained from the elu-
tion curve and its derivative. Therefore this theory has
been applied to surfactants and proteins.!=” Compu-
ter simulation procedures of transport properties
(including GFC) of self-associating systems have been
published.'¥ These procedures require a number of
parameters involved in column beds and materials
used. Plate theory!® based on the phase separation
model has been applied to surfactants.!>13 This the-
ory is superior to the asymptotic theory, since the
former predicts a more realistic profile than the latter.
Another advantage of the plate theory over other theor-
ies!¥ is that the adjustable parameter for the column
characteristics is only the number of plates.

In the present work, we developed plate theory based
on mass action model, demonstrated its usefulness for
simulations of GFC profiles of proteins and surfac-
tants, and revealed the scope and limitations of the
asymptotic theory.

Computational Methods

Plate Theory. A gel column is assumed to be com-
posed of n plates as shown schematically in Fig. 1.
Each plate consists of the mobile and stationary
phases. The total volume of the mobile phase equals
to the void volume V; of the column. When a solution
of volume of V;is applied from the “‘zero-th” plate (the
top) of the column, the mobile phase of volume Vr is
flown down to the nearest neighboring plate through-
out the column till another solution of the same
volume flows from the n-th plate (the bottom). Then
we assumed a rapid establishment of the partition
equilibrium of the solute between the mobile and sta-
tionary phases at each plate.!213.15)

When the partition equilibrium has been estab-
lished after addition of a solution of volume iV, the
total amount of the solute at the j-th plate may be
written as

(M;,;+ S ;)Vi=(Mi-y, j-1 + Si—1, ) V. (1)
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Fig. 1. Schematic elution process based on plate the-

ory. The integers ¢ and j indicate the numbers of
transfer and plate, respectively.
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Fig. 2. Effects of concentration dependence of elu-
tion volumes upon the protein distribution for oval-
bumin at (a) 12.0 gdm=2 and (b) 1.6 gdm=3. The
observed results (solid lines) are taken from Ref. 19
and the dashed lines are calculated from plate theor
by using the following parameters; Vo=12.53 cm®,
n=250, and P=0.00638Co+0.45092.

Here M, jand S;,; are “concentrations’ at the j-th plate
in terms of the volume of the mobile phase (V). The
same equilibration is made for all plates (=1 to n). In
Eq. 1, for the first plate (j=1) M;—1,0=Ci~1,0 and for the
n-th plate M;-1, »=Cj, n+1. This procedure is repeated
for different numbers of transfer (:=1 to i) starting
from zero. The relation between C; ,+1 and V; pres-
ents the theoretical elution curve. The partition ratio,
P, of a solute between the stationary and mobile phases
may be written as

P=S,', ,‘/M,’,j= (Ve_Vo)/VO, (2)

where V. is the elution volume of the solute.

For analysis of GFC data two methods for charging
a sample are used, viz., the small size (zonal) method
and the large sample size (frontal) method.’® The lat-
ter examples are shown in Fig. 2. When an enough
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volume of solution at concentration Cy is charged, the
solution of the same concentration C, appears on the
elution curve. If a small volume of the sample is
charged, the sample is diluted during elution in the
column. Therefore, since the zonal method cannot be
used for quantitative analysis of elution curves for self-
associating systems,? we will consider only the frontal
method. For the frontal method we may assume
C;, 0=C, for 1=i=k and C; ¢=0 for i>k, where k is
sufficiently large to produce the plateau region on the
elution curve, as shown in Fig. 2.

For the self-associating system, monomer&m-mer,
we may write the equilibrium constant X in the mobile
phase as

K=Cn/Cy™, (3)

where C; and C,, denote concentrations of the mono-
mer and m-mer on a monomer basis. The total con-
centrations in the mobile and stationary phases may be
written as

Mi,j:C1+Cm=C1+KC1m (4)
and
Si,]=P1C1+PmCm=P1C1+PmKC1m, (5)

where P; and P, are the partition ratios for the
monomer and m-mer.

Assuming appropriate values for Vy, n, P}, Pn, K,
m, and C,, we can simulate the theoretical elution
curve (C vs. V) and its first-derivative curve (dC/dV
vs. V). The derivative curve provides useful informa-
tion on self-associating systems.*10.17.18)

Asymptotic Theory. As Fig. 2 shows for the frontal
method, the boundaries at the initiation (leading) and
termination (trailing) of solute elution are diffuse.
Approximately we may assume that the equivalent
sharp boundary for the solute zone leading or trailing
boundary is the first moment (centroid) of the elution
profile and satisfies the relationships:

Ve = OC" VdC/Co (leading boundary) (6)

and
v = foc" VdC/C, + S (trailing boundary).  (7)

Here S is the charged volume of the sample. For these
determinations the volume coordinate V is assigned a
zero value when the leading boundary of the charged
sample enters the column bed. This theory predicts
the elution profile of a rectangle (Cy in height and S in
width) for the non-associating system.* 16

When this theory is applied to the self-associating
system, monomer=rn-mer, we may determine the
aggregation number m from the trailing boundary and
the equilibrium constant K from either the leading or
trailing boundary. At m=3, the derivative profile for
the trailing boundary is expected to exhibit a min-
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Fig. 3. Derivative chromatograms of a-chymotrypsin
at concentrations of 5.0 gdm=3 (upper curve) and 2.4
gdm=3 (lower curve); Fig. a is observed!” and Figs.
b-h are calculated by using the parameters shown in
Table 2.

imum (Vmin) and two maxima (V1p>Vnp), as shown
in Fig. 3, and m and K may be evaluated from

M= 3Vmin— V=2V )/ (3Vmin—2V1— V) (8)
and
K=(m=2)2(m*~ 1)}/ [{(m2m=1)}"(Cain)"'].  (9)

Here Cnin may be taken as the concentration corre-
sponding to the minimum on the derivative curve and
V1 and Vn are the centroid elution volumes of the
monomer and m-mer, respectively. At m=2, only one
maximum (Vma”) 1s expected for the derivative curve in
the trailing boundary and K may be evaluated from

K = Am+A)m "/ (mmCm). (10)

Here C. may be taken as the concentration at the
maximum and A=(V;—Vumax’ )/ (Vmax’—Vm).

For the leading boundary the centroid volume V.
may be written as

Ve=aV,+(1—a)Vp, (11)
where a is the weight fraction of monomeric species in
the plateau region. Substitution of C;=Cya and
Cmn=Cy(1—ea) into Eq. 3 yields

K=(1—a)/(Cy"'a™), (12)
where o may be taken as (Vc—Vn)/(Vi—Vm) from Eq.
11.3-518) Thus, the main advantage of the asymptotic
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theory over the plate theory is to provide the analytical
solutions for m and K. However, the values of m and
K estimated from the asymptotic theory may be used as
a first approximation.

Results and Discussion

Concentration Dependence of Elution Volumes.
Generally speaking, the elution volume increases with
increasing solute concentration slightly.!'® In the case
where the elution volume of a nonassociable solute
increases with increasing concentration, the leading
boundary becomes broader than the trailing one.!?
This elution pattern is the reverse found for self-
associating solutes.!?

Figure 2 shows the elution curves for ovalbumin at
1.6 gdm™2 and 12 gdm™3. From such results V. (and
V') has been determined as a function of Cy:

¥=18.18+0.080C,. (13)

In the experiments S=12.0 cm® and Vy=12.53 cm3
(estimated in this work). Substitution of these values
and Eq. 13 into Eq. 2 yields

P=0.00638C,+0.45092. (14)

Based on the plate theory by using P (Eq. 14), V, (12.53
cmd), Cy (1.6 or 12 gdm™3) and n=250, we can simulate
the elution curve. These theoretical curves are drawn
by the dashed lines. At the low concentration of the
protein, the leading and trailing boundaries are almost
symmetric, whereas at the high concentration the lead-
ing boundary is broader than the trailing. These
results are well reproduced, showing the utility of the
plate theory to predict the shape of the elution pattern.
Asymptotic theory always predicts a rectangular elu-
tion pattern for a non-associable solute. The results of
Fig. 2 have also been explained by the Houghton the-
ory.1%200  This theory is applicable for the system
where the concentration dependence of V. is small.

Table 1. Comparison between the Observed and
Theoretical Values of V. for Dimerization
of Human Carbonylhemoglobin as a
Function of Concentration

Vcalcb)
Asymptotic theory
K=0.25 K=0.31 K=0.25 K=0.31

Co Vobsrda)

Plate theory
mmoldm™3 cm?

0.3X107¢  37.8 3779 3775 3179 3775
1 37.4 37.45 37.37 3746  37.38
2 36.959 37.15 37.05 37.16 37.05
5 36.5 36.68  36.57 36.69  36.58
8 36.459 36.43 36.32 36.44  36.33
10 36.2 36.32 36.22 36.33  36.23
12 36.179  36.23  36.13 36.24 36.14
14 36.2 36.15 36.06 36.17 36.07

a) Taken from Ref. 3. b) V;=38.0 cm?3, V/,,=34.9 cm?,
and V(=15.6 cm3 were used. c¢) Average of two or three
data.
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Dimerization of Carbonylhemoglobin. The equil-
ibrium constant of dimerization of human carbonyl-
hemoglobin has been determined from Sephadex G-
200 column experiments.® In Table 1 the observed
and theoretical V. values from the leading boundary
are shown as a function of protein concentration.
From the experiments at 1078 moldm™3 and 1073
moldm™3, the V. values for the monomer and dimer
have been estimated to be 38.0 and 34.9 cm?, respec-
tively. These values may be regarded as independent
of concentration. The void volume has been deter-
mined to be 15.6 cm?® from V. of tobaco mosaic virus.?

By substituting m=2, the observed values of V,,, V;,
and Cj, and an assumed K value in Eq. 12, we can
calculate the theoretical V. value for dimerization. In
Table 1 the calculated V. values for two K values are
shown; a K value of 0.25 dm®mmol~! has been
reported by the original workers? and 0.31 dm?3
mmol~! is our best fitted value. A K value of 0.28
dm3 mmol~! has been estimated from porous disk dif-
fusion measurements for the same protein.® Agree-
ment between the K values estimated from the two
methods is very good, showing that these values are
reliable.

From the plate theory we can calculated V. by using
the observed values of V,, V;, and V,, and assumed
values of K and n. The V. values for the cases n=200
and K=0.25 and 0.31 are included in Table 1. Agree-
ment between the asymptotic and plate theories is
excellent.

Hexamerization of Chymotrypsin at Neutral pH.
Winzor and Scheraga have reported frontal elution
patterns and their derivatives for a-chymotrypsin at
pH 7.9.17 In the elution curve the leading boundary
was sharper than the trailing. This feature is common
for self-associating systems and is in contrast with
nonassociating concentration-dependent systems,
as shown in Fig. 2. This characteristic has been
explained by the asymptotic theory!® and is also expli-
cable on the basis of the plate theory (computed results
are omitted).

The derivative trailing patterns for several protein
concentrations have been reported.!” The data at two
concentrations of them, 5.0 and 2.8 gdm™3, are shown
in Fig. 3, since most of the main features appear
herein. Extrapolation of the monomer elution volume
to Cy=0 permits us to estimate a value of V;=25.0
cm®¥ One of the main problems encountered in the
use of GFC patterns to characterize self-associating sys-
tems is the absence of the definite value of V.19 As
expected from Table 2, one of the estimation methods
is to choose the gel phase from which the polymer is
excluded. Then V,, may be identified with V,, the
void volume of the column bed. By this reasoning
Ackers and Thompson have taken V,, as 11.9 cm?3.®
Substituting these values in Eq. 8, together with an
estimate of Vmix=21.5 cm?® (inferred from Fig. 3a), they
estimated a value of m=6.3) Furthermore a Cmin value
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Table 2. Seven Sets of the Parameters to Simulate
Polymerization of a-Chymotrypsin
at Neutral pH on the Basis of
Plate Theory?

K V) Vin
Set
gm—l dm3m—3 CmS Cm3
b 6 0.015 25.0 11.9
[¢ 6 0.010 23.9 15.5
d 6 0.010 23.9 14.0+0.298C,,
e 6 0.009 24.5 13.2+0.357C
f 5 0.014 24.5 13.240.357C»
g 5 0.015 24.5 14.5
h 4 0.020 24.5 12.0+0.357C,,

a) n=100 is used for simulation.

of 1.4 gdm™2 has been inferred? from the size of the
more slowly migrating part of the bimodal trailing
boundary reported by Winzor and Scheraga. By using
these m and Cmin values, a K value of 0.015 dm!® g~ has
been estimated from Eq. 9.4 However, we should be
alert to the above analysis since an estimated V, value
has been used. In this connection it is noted that the
sedimentation velocity patterns of Massey et al.?l
yielded a slightly higher estimate of Cmia (1.8 gdm™3),
from which a value of K=0.004 dm'> g=% has been
obtained on the basis of asymptotic theory.

Taking these uncertainties of K and V,, values into
consideration, we made simulations for many sets of
the values of m, V,, Vp, K, and n. Seven sets of them
are shown in Table 2. In the following calculations,
we used n=100. In set b, the values used in the above
analysis based on the asymptotic theory are employed.
As Fig. 3b shows, the polymer peaks have much
smaller Vy, values than the observed ones (Fig. 3a).
This discrepancy may be ascribed to inadequate values
for Vin or V, (or both) suggested by Ackers and
Thompson. The most uncertain parameter in this
simulation is V,». Therefore we considered larger V,
values and their concentration dependences (sets c—e).
Determann and Nichel reported a calibration relation
between molecular weights and elution volumes for
many proteins from the literature.??> From this rela-
tion we can estimate a value of V;=13.1 cm3. The V,,
values in Table 2 are chosen by taking this V, value
into consideration. As Figs. 3c—e show, the simulated
polymer peak at 5 gm™2 is slightly sharper than the
observed one. Therefore we considered smaller aggre-
gation numbers. As Fig. 3f shows, the simulated curve
at C;=2.4 gdm™3 gives a slightly broader peak than the
observed. A value of m=5 (Figs. 3f and 3g) gives as
good fittings as m=6. None of the simulations (b—h)
very well reproduce the experimental result (a). This
discrepancy may be ascribed to the inaccuracy in both
the experimental result and the plate theory. Asymp-
totic theory predicts unrealistic derivative patterns.?

Comparison between Asymptotic and Plate Theo-
ries. Inapplication of Eq. 8 the practical upper limit
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lies in the region m<10, since the denominator of Eq.
8 approaches experimental errors in the determination
of the elution volume. Therefore we made model
calculations in the case of hexamerization to compare
the two theories.

For these theories we used the same parameters, viz.,
V1=230.0, V,»,=130.0, V(=100.0, and K=1. Concentra-
tion dependence of these parameters was neglected.
Substitution of these values and m=6 in Eqgs. 8 and 9
yielded Vmin=203.3 and Cnix=0.649. According to the
asymptotic theory, these values should be independent
of Cy. Furthermore V. for the leading boundary can be
calculated from Eq. 12 and is shown in Table 3.

From the plate theory, we also calculated the frontal
elution curve and its derivative, by assuming n=100.
From these curves we determined several characteristic
values. These are shown in Table 3. The equilibrium
monomer concentration C; was calculated from Eq. 3
and included herein. In this table Vip and V), are the
elution volumes at maxima (Vmp<Vip) in the trailing
boundary of the derivative curve.

The Vmin value calculated from the plate theory
increases with increasing concentration, in contrast
with concentration independence expected from the
asymptotic theory. The experimental Vmin data on
chymotrypsin support the prediction of the plate the-
ory (e.g., see Fig. 3). Therefore the estimation of m
from Eq. 8 may be generally regarded as a first approx-
imation. The value of Cnin from the plate theory is
also concentration-dependent and is smaller than that
of the asymptotic theory. It is notable that Cmi is
smaller than C;. Combination of Egs. 9 and 12 yields

Ce/Co={(m—2)(2m—2)™! qm}l/tm=1)/
{(@m*—m)(1—a)}/n D, (15)

At the limit m—oe
Cmin i Coa = Cl' (16)

Here the equation Cc=Ci, is used since m=3. The
same conclusion (Eq. 16) was obtained from the plate
theory based on phase separation model for micelle
formation.

Table 3 shows that the plate theory predicts the
increase of V; and the decrease of V,, with increasing
concentration. Concentration dependence of the elu-
tion volume of the monomer and m-mer does not
always indicate size changes of these species. These
results are consistent with the experimental data on
chymotrypsin.!”

The difference between the V. values calculated from
the two theories is 0.5, regardless of C,. Since this
difference (close to Vy/2/n) decreases with increases in
n, we can conclude that the two theories predict the
same V. value for the leading boundary. This conclu-
sion may justify applications of the asymptotic theory
to leading boundary data for self-associating systems,
such as hemoglobin! and carbonylhemoglobin (Table
1).
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Implications to Micellization of Surfactants. The
above results may be useful for quantitative analyses of
GFC data on surfactants. The aggregation number of
surfactants is usually larger than that of proteins, e.g.,
typically m>50. Hence phase separation model
(m=020) has been used to analyze GFC data for pure and
mixed surfactants.!'=13) This model is useful, but is
less accurate than mass action model since m is a defi-
nite value. Furthermore, most of the GFC data on
surfactants have been analyzed on the basis of the
asymptotic theory.5-8

The monomer concentration C; for hexaethylene
glycol dodecyl ether (C;,Eq) has been estimated by two
interpretations of GFC data. First approach?” used
Eq. 11 and second approach assumed the equality of
Cnin=C,.® As expected, the former approach yielded
greater C; values than the latter.”-® However, both
approaches must be reconsidered, as shown below.

According to Phillips’ definition of the cmc, the
cmc is a Cyp value which satisfies the equation
d3(C;+Cm/m)/dCy*=0.22 By using this definition
and Eq. 3, we can obtain

cme=[Km(2m—1)/(m—2)]/0-m), (17)

This equation can be also obtained from the equation
d3C,/dCy*=0.2Y On the other hand, we can write Cmin
at m=3 from Eq. 9 as

K[m@2m—1)]™ 1/(1—m)
Con =
min {(m—Z)[Z(mz—l)]"‘" } (18)

When m is large enough, we can thus obtain
CminECmCE(sz)V“_m). (19)

This equation provides the physical meaning of Cmin
and a GFC method for cmc determination without
interpolation of any property. The Cuin value for CE¢
increased with increasing C,, whereas the plate theory

Table 3. Comparison between Two Theories
in Hexamerization®

c c Plate theory® ASS}’lmP“:)[iC
0 ! Cmin Vmin Vmpd) led) Vc ' e[(/)cry
0.125 0.125 —¢ —°9 —° 2298 230.5 230.0
025 0250 —¢ —o — 22982304 229.9
05 0487 —9 —o — 230.0 227.8 227.3
1 0.778 0.624 196.5 175.2 232.1 208.3  207.8
2 1.000 0.589 203.4 146.7 233.5 180.5  180.0
4 1.188 0.587 205.0 138.0 234.3 160.2  159.7
8 1.371 0.582 206.5 134.0 235.0 147.6  147.1
16 1.560 0.581 207.5 132.5 236.0 140.3 139.8
32 1.765 0.579 208.5 131.5 236.5 136.0  135.5
64 1.990 0.576 209.3 131.2 237.0 133.6  133.1

a) V,=230.0, V,,=130.0, V,=100.0, and K=1 are used
for calculations. b) n=100 is used. c¢) Cmin=0.649 and
Vmin=203.3 were obtained from Egs. 8 and 9, regardless
of Cy. d) These values are the volumes at maxima in
the derivative elution curves. e) Not observed.
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predicts a slight decrease of Cmin (€.8., see Table 3) and
the asymptotic theory predicts the constancy. This
discrepancy between theory and experiment may be
ascribed to the increase of m with increasing C, for
CiE 6'8,10)

In GFC, generally, large particles have smaller elu-
tion volumes than small ones. For self-associating sys-
tems, however, the elution volume depends on C; as
well as size of species. As Fig. 3 shows, the polymer
peak shifts toward smaller volume side with increasing
Co. This is not due to the increase of m. For Cy,Eg, the
elution volume of the micelle decreased with increas-
ing Cy,. This decrease has all been ascribed to the
increase of m. The Vp, value in Eq. 11 should corre-
spond to true size of the micelle, and is not equal to the
elution volume of the micelle at the concentration of
the solution used.1?

Conclusion

To demonstrate the scope and limitations of asymp-
totic theory and plate theory based on mass action law
for self-associating systems, we investigated the elution
patterns for ovalbumin (nonassociable protein),
dimerization of carbonylhemoglobin, hexamerization
of chymotrypsin, and micellization of surfactants.
The asymptotic theory has an advantage of giving ana-
lytical expressions (Ve, Cmin, Vmin, and others) for elu-
tion patterns of self-associating systems. Equation 11,
which was supported by the plate theory, gives the
basis for the estimation of monomer concentrations of
such systems. For surfactants Cni is very close to the
cmc (Eq. 19). The plate theory has an advantage of

requiring only a limited number of parameters over

other theories.® It correctly predicts that the trailing

boundary becomes sharper with increasing C, when

the elution volume of a nonassociable solute increases
linearly with Cy. Derivative elution profiles of self-
associating systems were well simulated to make pos-
sible estimation of m and K and prediction of concen-
tration dependence of Vmin and Cmin. These predictions
will be useful to analyze experimental GFC data on
surfactants.'®
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the Scientific Research Foundation of Kyoto Pharma-
ceutical University.
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